Abstract. Let m be any positive integer and let δ 1 , δ 2 ∈ {1, −1}. We show that for some constanst C m > 0 there are infinitely many integers n > 1 with
Introduction
For n ∈ Z + = {1, 2, 3, . . . } let p n denote the n-th prime. The famous twin prime conjecture asserts that p n+1 − p n = 2 for infinitely many n ∈ Z + . Although this remains open, recently Y. Zhang [Z] was able to prove that lim inf n→∞ (p n+1 − p n ) 7 × 10 7 .
The upper bound 7 × 10 7 was later reduced to 4680 by the Polymath team [Po] led by T. Tao, and 600 by J. Maynard [M] , and 270 again by the Polymath team [Po] . Moreover, J. Maynard [M] , as well as T. Tao, established the following deep result. Earlier than this work, in 2000 D.K.L. Shiu [S] proved the following nice theorem. Theorem 1.2 (Shiu) . Let a ∈ Z and q ∈ Z + be relatively prime. Then, for any m ∈ Z + there is a positive integer n such that
This was recently re-deduced in [BFTB] via the Maynard-Tao method.
In this paper we mainly establish the following new result on consecutive primes and Legendre symbols. Theorem 1.3. Let m be any positive integer and let δ 1 , δ 2 ∈ {1, −1}. For some constant C m > 0 depending only on m, there are infinitely many integers n > 1 with p n+m − p n C m such that for any 0 i < j m we have
(1.1) Remark 1.1. (a) Instead of (1.1) in Theorem 1.3, actually we may require both (1.1) and the following property:
(As usual, for a prime p and an integer a, by p a we mean p | a but p 2 ∤ a.) (b) We conjecture the following extension of Theorem 1.3: For any m ∈ Z + , δ ∈ {1, −1} and δ ij ∈ {1, −1} with 0 i < j m, there are infinitely many integers n > 1 such that
for all 0 i < j m. We will prove Theorem 1.3 in the next section with the help of the MaynardTao work, and show Theorem 1.4 in Section 3 by combining our method with a recent result of P. Pollack [P] motivated by the Maynard-Tao work on bounded gaps of primes and Artin's conjecture on primitive roots modulo primes.
Throughout this paper, p always represents a prime. For two integers a and b, their greatest common divisor is denoted by gcd(a, b).
Proof of Theorem 1.3
Let h 1 , h 2 , . . . , h k be distinct positive integers. If k j=1 h i (mod p) = Z for any prime p (where a(mod p) denotes the residue class a + pZ), then we call {h i : i = 1, . . . , k} an admissible set. Hardy and Littlewood conjectured that if H = {h i : i = 1, . . . , k} is admissible then there are infinitely many n ∈ Z + such that n + h 1 , n + h 2 , . . . , n + h k are all prime. We need the following result in this direction. Lemma 2.2. Let k > 1 be an integer. Then there is an admissible set H = {h 1 , . . . , h k } with h 1 = 0 < h 2 < . . . < h k which has the following properties:
(i) All those h 1 , h 2 , . . . , h k are multiples of K = 4 p<2k p.
(ii) Each h i − h j with 1 i < j k has a prime divisor p > 2k with h i ≡ h j (mod p 2 ). (iii) If 1 i < j k, 1 s < t k and {i, j} = {s, t}, then no prime p > 2k divides both h i − h j and h s − h t .
Proof. Set h 1 = 0 and let 1 r < k. Suppose that we have found nonnegative integers h 1 < . . . < h r divisible by K such that each h i − h j with 1 i < j r has a prime divisor p > 2k with h i ≡ h j (mod p 2 ), and that no prime p > 2k divides both h i − h j and h s − h t if 1 i < j r, 1 s < t r and {i, j} = {s, t}. Let X r = {p > 2k : p | h s − h t for some 1 s < t r}.
As K is relatively prime to p∈X r p, for each i = 1, . . . , r there is an integer b i with Kb i ≡ h i (mod p∈X r p). For each p ∈ X r , as r < k < p there is an integer a p ≡ b i (mod p) for all i = 1, . . . , r. Choose distinct primes q 1 , . . . , q r which are greater than 2k but not in the set X r . For any i = 1, . . . , r, there is an integer c i with
Let 1 i < j r and 1 s r. If a prime p > 2k divides h i − h j , then p ∈ X r and hence
So gcd(h r+1 − h s , h i − h j ) has no prime divisor greater than 2k.
In view of the above, we have constructed nonnegative integers
For each p k, clearly h i ≡ 0 ≡ 1 (mod p) for any i = 1, . . . , k. Therefore the set H = {h 1 , h 2 , . . . , h k } is admissible. This concludes the proof.
Proof of Theorem 1.3. By Lemma 2.1, there is an integer k = k m > m depending on m such that for any admissible set H = {h 1 , . . . , h k } of cardinality k if x is sufficiently large and k i=1 h i is relatively prime to W = 4 p w p then for some integer n ∈ [x/W, 2x/W ] there are more than m primes among W n + h 1 , W n + h 2 , . . . , W n + h k , where w = log log log x.
Let H = {h 1 , . . . , h k } with h 1 = 0 < h 2 < . . . < h k be an admissible set satisfying the conditions (i)-(iii) in Lemma 2.2. Clearly K = 4 p 2k p ≡ 0 (mod 8). Let x be sufficiently large with the interval (h k , w] containing more than h k − k primes. Note that 8 | W since w 2. Let δ := δ 1 δ 2 . For any integer b ≡ δ (mod K) and each prime p < 2k, clearly b + h i ≡ δ + 0 (mod p) and hence gcd(b + h i , p) = 1 for all i = 1, . . . , k.
For any 1 i < j k, the number h i − h j has a prime divisor p ij > 2k with
then there is a unique pair {i, j} with 1 i < j k such that h i ≡ h j (mod p). Note that p h k . All the k − 2 < (p − 3)/2 numbers h i − h s with 1 s k and s = i, j are relatively prime to p, so there is an integer r p ≡ h i − h s (mod p) for all s = 1, . . . , k such that
Assume that S = {h 1 , h 1 + 1, . . . , h k } \ H is a set {a i : i = 1, . . . , t} of cardinality t > 0. Clearly t h k − k + 1 and hence we may choose t distinct primes q 1 , . . . ,
For any prime q ∈ Q, there is an integer r q ≡ −h i (mod q) for all i = 1, . . . , k since H is admissible. By the Chinese Remainder Theorem, there is an integer b satisfying the following (1)-(4).
(
By the above analysis, k s=1 (b + h s ) is relatively prime to W . As H ′ = {b + h s : s = 1, . . . , k} is also an admissible set of cardinality k, for large x there is an integer n ∈ [x/W, 2x/W ] such that there are more than m primes among W n + b + h s (s = 1, . . . , k). For a i ∈ S, we have
and hence W n +b +a i is composite since W > q i . Therefore, there are consecutive primes p N , p N+1 , . . . , p N+m with p N+i = W n+b+h s(i) for all i = 0, . . . , m, where 1 s(0) < s(1) < . . . < s(m) k. Note that
For each s = 1, . . . , k, clearly W n + b + h s ≡ 0 + δ + 0 = δ (mod 8) and hence −1 W n + b + h s = δ and 2 W n + b + h s = 1.
As p N+i = W n + b + h s(i) ≡ δ (mod 8) for all i = 0, . . . , m, by the Quadratic Reciprocal Law we have
Lemma 3.1. Let k > 1 be an integer. Then there is an admissible set H = {h 1 , . . . , h k } with h 1 = 0 < h 2 < . . . < h k which has the following properties: (i) All those h 1 , h 2 , . . . , h k are multiples of K = 4 p<4k p.
(ii) Each h i − h j with 1 i < j k has a prime divisor p > 4k with h i ≡ h j (mod p 2 ). (iii) If 1 i < j k, 1 s < t k and {i, j} = {s, t}, then no prime p > 4k divides both h i − h j and h s − h t .
Lemma 3.2. Let k > 1 be an integer, and let H = {h 1 , . . . , h k } with h 1 = 0 < h 2 < · · · < h k be an admissible set satisfying (i)-(iii) in Lemma 3.1. Then there is a positive integer b with all of the following properties:
is relatively prime to the least common multiple W of those h j − h i with 1 i < j k and 2<p w p if w is large enough.
For any i, j ∈ {1, . . . , k} with i = j, we have
Proof. For any 1 i < j k, the number h i − h j has a prime divisor p ij > 4k with h i ≡ h j (mod p 2 ij ). Suppose that p > 4k is a prime dividing 1 i<j k (h i − h j ), then there is a unique pair {i, j} with 1 i < j k such that
Assume that S = {h 1 < a < h k : a = h s , h s − 1 for all s = 1, . . . , k} = {a i : i = 1, . . . , t}.
Clearly t h k −k and hence we may choose t distinct primes q 1 , . . . ,
For any prime q ∈ Q, there is an integer r q ≡ −h i , −h i + 1 (mod q) for all i = 1, . . . , k since q > 2k. By the Chinese Remainder Theorem, there is a positive integer b satisfying the following (1)- (4).
(1) b ≡ 17 (mod 24), and b ≡ 4 (mod p) for all primes p ∈ [5, 4k].
By the above analysis,
is relatively prime to 2<p w p. Note that b + h i ≡ 17 + 0 (mod 24) for all i = 1, . . . , k. If w h k , then any prime divisor of W does not exceed w. So both (i) and (ii) holds.
For each s = 1, . . . , k, clearly b + h s ≡ 17 + 0 ≡ 1 (mod 8) and hence
Let i, j ∈ {0, . . . , m} with i = j. Then
where h ij is the odd part of |h i − h j |. For any prime divisor p of h ij , clearly p h k w and
If 3 < p < 4k, then p | K, hence b + h j ≡ 4 + 0 (mod p) and thus
If p > 4k, then by the choice of b we have
Recall that p ij h ij . Therefore,
So (iii) in Lemma 3.2 also holds. Now suppose that n > b is an integer with n ≡ b (mod W ), and that a ∈ {h 1 , h 1 + 1, . . . , h k } \ H. If a = h s − 1 for some 1 s k, then n + a ≡ b + h s − 1 ≡ 0 (mod 4) and hence n + a is not prime. If a = h s − 1 for all s = 1, . . . , k, then a = a i for some 1 i t, hence n + a ≡ b + a i ≡ 0 (mod q i ) and thus n + a is not prime. (Note that n + a > W > w q i .) Thus (iv) of Lemma 3.2 also holds.
In view of the above, we have completed the proof of Lemma 3.2.
Proof of Theorem 1.4. Choose k (depending on m) as in Pollack [P] in the spirit of Mynard-Tao's work. Let W be the least common multiple of those h j − h i (1 i < j k) of p w p with w = log log log x large enough. Let H = {h 1 , h 2 , . . . , h k } be an admissible set constructed in Lemma 3.1 and choose an integer b as in Lemma 3.2. Then we have an analogue of Lemma 3.3 of Pollack [P] . When n + h i and n + h j (i = j) are both prime with n ≡ b (mod W ), n + h i is a primitive root modulo n + h j if and only if |h i − h j | is a primitive root modulo n + h j since n + h j ≡ 1 (mod 4).
Let P be the set of all primes. For i = 1 . . . , k set P i = {p ∈ P : |h i − h j | is a primitive root modulo p for any j = i}.
Define the weight function w(n) as in [M, Proposition 4 .1] or [P, Proposition 3 .1], and let χ A (x) be the characteristic function of the set A. We only need to show that
x n 2x n≡b (mod W ) k j=1 χ P i (n + h j ) w(n) ∼ x n 2x n≡b (mod W ) k j=1 χ P (n + h j ) w(n).
For a prime q and an integer g, define P q (g) = {p ∈ P : p ≡ 1 (mod q) and g (p−1)/q ≡ 1 (mod p)} and P q (g) = P q (g) \ q ′ <q P q ′ (g).
Pollack [P] showed that if (
